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Let Qp ⊂ L complete with discrete valuation group.
L ⊃ O ⊃ m = πO, |π| = e−1.

Let G be a compact group with p-adic linear structure:

γ : Zp
∼→ G, γ(1) = g

A measure on G is a bounded linear functional on G.

Identifications

Meas(G;O) ' O[[G]] ' O[[T ]]
δg ← g → 1 + T
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Let µ ∈ Meas(G;O).
For all n ≥ 0 set

mn =

∫
Zp

xn dµ, m×n =

∫
Z×p

xn dµ

Since
mn(µ) = m×n (µ) +

∫
pZp

xn dµ

there are congruences

mn′ ≡ mn mod pmin{r ,n}

se 1 ≤ n < n′ e n′ ≡ n mod pr−1(p − 1).



f : a weight k modular form for Γ0(N), (p,N) = 1.
E : an elliptic curve with CM in K with ordinary reduction Ẽ
modulo p.
x ∈ X0(N): the point corresponding to E .
M: the moduli space of formal deformations of Ẽ ⊗ Fp to
complete rings O finite over the ring of Witt vectors. It supports
a universal elliptic curve E

ConcretelyM is identified the formal neighborhood of x in
X0(N) and E is the restriction of the universal family of elliptic
curves.

Serre-Tate theory: There are canonical isomorphisms
M = Spf(R) = Spf(O[[q − 1]]), q "local parameter",
φ : Ê ∼−→ Ĝm "trivialization".
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So, we get a canonical power series expansion

f (E , iN , φ) = Ff [[T ] =
∑
n≥0

an,f T n ∈ O[[q − 1]] (T = q − 1).

The goal is to compute the action on the Hecke operator Tp on
this expansion, namely compute the expansion of

Tp(f )(E , iN , φ) =
1
p

∑
C

f (E/C, iN,C , φC)

where the sum is extended over the finite flat subgroups of E of
rank p.
πC : E −→ E/C quotient map (of rank p)



C = H = φ−1(µp) (canonical subgroup) connected
=⇒ πH lifts Frobenius, πt

H étale
=⇒ φH = φ ◦ πt

H

C étale (πt
C lifts Frobenius)

=⇒ πC restricted to Ê is iso.
=⇒ φC = φ ◦ π−1

C

Extra-hypothesis: Ẽ is defined over Fp.

=⇒ Frobenius is an endomorphism of Ẽ and so all quotients
E/C are deformations of Ẽ .
=⇒ All quotients E/C are inM.
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Then one gets
q(E/H) = q(E)p,
q(E/C)p = q(E) if C 6= H,

and eventually

Tpf (E , iN , φ) =

1
p

∑
ζp=1

∑
n≥0

an,f (ζq
1
p − 1)n

 + pk−1
∑
n≥0

an,f (qp − 1)n

This is better understood in terms of measures.
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pZp Zp
poo p−1

// p−1Zp

Zp

γ1

``
γ0

OO

γ−1

<<

where γj(1) = pj .
Given a measure µ let

Tp,k (µ) = i−1
∗ p−1

∗(µ|pZp ) + pk−1i∗p∗(µ).

Proposition

If µ(f ) is the measure associated to a modular form f as above,
then

µ(Tpf ) = Tp,kµ(f ).
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Suppose Tpf = λf so that Tp,kµf = λµf .

Then we have integration formulae (Un = pnZ×p ):

λ
∫
Z×p

h(z) dµ(z) =
∫

U1
h(p−1z) dµ(z);

λ
∫

Un
h(z) dµ(z) =

∫
Un+1

h(p−1z) dµ(z) +
∫

Un−1
h(pz) dµ(z).

Eventually

mn(µ) =
1

1− λpn + p2n+k−1 m×n .
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Theorem
Suppose Tp,kµ = λµ with λ ∈ Zp. If 1 ≤ n < n′ with
n′ ≡ n mod pr−1(p − 1) then

mn′ ≡ mn mod psZp

where

s =

{
min{r , t + n,2n + k − 1} se λ ∈ ptZ×p ,
min{r ,2n + k − 1} se λ = 0.

Note: the moments mn(µf ) can be computed applying certain
non-holomorphic or p-adic differential operators to f and
evaluating the result at the relevant CM point.


