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Artin Conjectures (AC)

Conjecture (WEAK AC)
- VaeQ\{-1},a¢ (Q)
Pz :={p>3,(amod p) =
* #Py=00

7 ) Conjecture (STRONG AC)
(20 Aor 177723 Fob 1265) * Vae€ Q, P, has a density
¥

5 im Pan[1,x]
a_x%oc#{p<x}
*+ 0,=0 < a=-1orac@Q?

Note (Obvious Facts:)
+ Strong — Weak
ifacQ® =
EmilArin - + P4 has a density
(Mar 3, 1898 — Dec 20, 1962) . 66 — O (triVial case Of )
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Strong Artin Conjecture

after Lehmer’s correction

Conjecture (Strong AC(1927))
Letac @Q\ {0,1,—1}. Then

Pa(X) ~ 64 x m(xX)

Where 5825/ ><5”><A
) 5//71—[[“”” 2) L and h = max{k : a € (Q*)*}

b 3 « 9(a) := disc(Q(+/a))
(NT::\IrS,r;r;EQB»DeCZOJQGZ) 1 if 2 | 3(a)
—1

[1,)_([) (4, h)—-1)-1 otherwise

- A= H< €1)> = 0.37395581361920 - -

Artin constant
ba=6,=6/=0 — ac (Q)?

4th Number Theory meeting - Torino 24-25 Ottobre 2019 Density related with groups of rational numbers




numerical tests for Artin Conjecture

da = #{p < 2% : (amod p) = F,}/m(2%)

a da da
-15 | 0.37001 0.37005
-14 | 0.37395 | 0.37397
-13 | 0.37395 | 0.37395
-12 | 0.44875 | 0.44881
-1 0.37709 | 0.37736
-10 | 0.37395 | 0.37396 0.22437 | 0.22438
-9 0.37395 | 0.37395 0.37395 | 0.37395
-8 | 0.22437 | 0.22437 11 | 0.37395 | 0.37395
-7 | 0.38308 | 0.38304 12 | 0.37395 | 0.37403
-6 0.37395 | 0.37398 13 | 0.37636 | 0.37639
-5 0.37395 | 0.37392 14 | 0.37395 | 0.37395
-4 0.37395 | 0.37396 15 | 0.37395 | 0.37400
-3 0.44875 | 0.44874 17 | 0.37533 | 0.37537
-2 | 0.37395 | 0.37393 18 | 0.37395 | 0.37404

63 da

0.37395 | 0.37397
0.37395 | 0.37398
0.39363 | 0.39365
0.37395 | 0.37398
0.37395 | 0.37401

—_
O 00N OWN D

Derrick Henry Lehmer
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Artin Conjecture

Hooley’s Theorem & Schinzel’s Hypothesis H

Theorem (C. Hooley (1965))

Letac Q\ {-1,0,1} and assume GRH for
Q[a'/™], m € N. Then the Strong Artin Conjecture holds:

3 ) X log log x
‘ _ Lo < Xloglog x )
Christopher Hooley og

2
(August 7, 1928 —) log® x

Theorem (A. Schinzel (1958))
The weak form of AC follows from Hypothesis H

Andrzej Schinzel
(April 5, 1937 —)
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Conjecture (Schinzel’'s Hypothesis H)
Let fi,..., f; € Z[x] be such that

« irreducible

« positive leading coefficients

« ged(fi(n)---f(n)|n € N) =1 (Bunyakovsky's property)
(i.e. V¢ prime, 3n: £ 1 fi(n) - - - f(n))

Andrzej Schinzel
(April 5, 1937 —)

Example
« fi = x; b = X+ 2: co—many twin primes
« fi = x; b = 2x + 1: co—many Sophie Germain primes
* x? 4+ x 4+ 2 has NOT the Bunyakovsky's property
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The near resolution of the WEAK

Lemma (Heath—Brown (1986))
Ja € (4, 2] S.t.

p = umod v and either p = kq+1 X
< x-
#qP orp=kagiqz +1 with q; > [p 1} = (log x)?2

as long as k = 2,4,8, u=1mod k, 16 | V and ged (4%, v) = 1

(Consequences)

+ Given q, r, s € Z multiplicatively independent, s.t. none of
q,r,s,—3qgr,—3qs, —3rs, grs is a square, Ja € {q, r, s} with

X
Pa(x) == Pan[1,x] > (log X)2
+ dg € {2,3,5} s.t.
#{p<x: p>5,(gmodp) =Fy} > ,W(—X)

Roger Heath-Brown og X
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The Artin near—primitive root Conjecture

apres Lenstra, Moree, Murata, Wagstaff

Definition (primes with a as a near—primitive root)

Let
Pam={p>3:[Fj,: (amod p)] = m}

Theorem
Assume the GRH for Q[v/a],n € N. Then

X X
P = 1, = [P O,
2m(X) m N [1,X] Oa’mlogx + Oam <Iog2 X)

where

< wu(n)
dam = 2 [Qle* . %/al : Q]

neN

Pieter Moree
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The Artin near—primitive root Conjecture

the complicated formula for da,m

For k € N ¢ prime, k, := ¢“(K), Write a = +b" with b not a power of a
rational number and set d = disc(Q(v/b)). Let

A(a,m) = (’Z;zh) < I1 (1 +;) ><H<1 _éth

£lm tm
helmy

Then

(¢, h

7|d,e2m

1 if max{2ho, db} < my;
—1/3 if max{2hp, db} = 2mp # 2;
-1 if max{2hy, db} =2m, = 2;
0 if max{2hy, b} > 2mo,

where, if a> 0, Xam =1 and yam =

andifa< 0,
(Xa,m,}/a,m) € {(171)’(1,_1/3)7(17_1)7(170)7(1/37_1/3)7(1/270)7(1/370)}
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The Artin near—primitive root Conjecture

The 5—conditions of Lenstra for the vanishing of 6a,m

Hendrik Lenstra

Example (

Theorem (Lenstra - 1977)

Letaec Q*\ {1}, m € N and set 9(a) = disc Q(\/a).
Then 64,m = 0 if and only if a and m satisfy one of the
following (mutually exclusive) conditions holds:

d(a) | mand m is odd

a=u¥?"",9(-3u)|m3tm2|m 3JueQ,teN

JueQ

Corollary (GRH: #Pa,m = oo for (a, m) <= none above of the holds for (a, m))

4th Number Theory meeting - Torino 24-25 Ottobre 2019

Density related with groups of rational numbers




Near—primitive root Conjecture for subgroups of Q*

Notations:
« [ c Q* finitely generated subgroup
* r=rankl
+ me Nt
* or = [Ipv,00=0,3xer P
“ Vptor

Mp ={g(modp) : g T} CF,

is well defined

* Pri=#{p>3:pfor, |l = &'}
* [, generalizes the notion of (a mod p).
« if I = (&) has rank 1 then

P<a>7m - Pa.m
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The higher rank Artin Quasi—primitive root Conjecture

joint work with Andrea Susa

Theorem

LetT c Q* hasrankr > 2, let m € N and assume GRH holds for
Q(¢k, TV/¥) (k € N). Then, Ve > 0 and m < x @2 ¢,

Pra) = P 11,61 = (34 O ) ) 70

Andrea Susa Where

_ (k)
5I’.m — Z [Q(ka, r1/mk) : Q]

k>1

or/k:={Jt: tel}cR
® (k= e2mi/k

4th Number Theory meeting - Torino 24-25 Ottobre 2019 Density related with groups of rational numbers



How to compute dr

— (k)
5r,m - Z [Q(ka, r1/mk) : Q]

k>1

o Mk.={Jt:tel}cR
0 (= e2rilk

Kummer Theory
QUG ") : Q] = [Q(6n, /") : QUGHIIQ(CH) : Q)
* [Q(¢n) : Ql = ¢(n)
* QG ") : QUG = # Gal(Q(Gn, T77)/QUGn))

+ Gal(Q(Gn, TM)/Q(Gr)) = (Q(Gn))T/(QUGn)*)"
© QUG T/QGH)" = (@T/Q") / (QGa)" NTQ*"/Q*")
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How to compute dr

If we set

r(n):=Q"r/Q"  T(n):=(Q(%)" NrQ™"/Q")

O

2 (k)T (mk)

 #I(n) is a multiplicative function.

F(n) ={yer(n:+ er-Q"n(Q(¢)")"

where for v € [(n), 7/ € Z unique n—power free s.t. v =+ - Q*"
© #1(n)
e [(n) =

=1if2¢n
{yeT(m): v €T Q"™ N (Q(¢)*)™}
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The r—rank Artin near—primitive root Conjecture

joint work with Andrea Susa (positive groups)

Theorem (2013)

Assume Tl C @+, r=rankl' > 2 and m € N. my = gvz(m)

r(my)|
@ m)|r2my)] B“’”)

(Sr,m = Ar,m (Brﬁm —

o S I N _|r(my)|
P ™= )] XHO <Z—1>\r(4)|> . (1 mmm)

£>2
£tm

>

nlor
nfe/f*kecriy) ¢
vo(8(n)) <k
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The Artin near—primitive root Conjecture

vanishing of the density for rank > 2

Theorem (Susa, PP - 2013)

LetT c Q* fg., me N. Then
6|"m = O
if one of the following holds:

" 2tmandVvgerl,o(g) | m;
2 2|m,3+tm,I(3)={1}and3n| or,
. nmzfl@*mz e I(my)

© 9(=3n)|m
Furthermore ifT c Q* and m satisfy = or , then Pr ,, s finite

@ If I = (a), conditions specialize to @ or ® of Lenstra
@ If2{m, @ is also necessary for or m =0

@ Hence, on GRH,
Propi1 =0 <=Vvgel,o(g)|2n+1

@ If 2 | m, expect that ® also necessary
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The r—rank Artin near—primitive root Conjecture

joint work with Andam Mustafa Ali (general groups)

Theorem (2019)

Assume T c Q*, r =rankl > 2 and m € N. m, := ¢¢(™)

Andam Mustafa Ali

IF(my)|
(2, m)[F(2my)|

5F,m = Al',m <Br,m + Cr,m -

(Brom + CI’.Zm))

where

Arm = S XH( EENEO]

£>2
£tm

and

-1 —
Br x = - andCr i = S
i > arar— =2 1l oy
nlor AER)) ner(ky) £]0(u)
nke/2 ko ) 2tk ne—uka/2 K
a(n)p ko d(u)z|2ky
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The r—rank Artin near—primitive root Conjecture

the key Lemma to compute 6r m
Recall that

F(n)={yeT(n): 7" €T Q"™ N(Q)")™}

Lemma
LetT c Q* and n e N. Set

F(m)* = {y el(m):~ = u™/2 and d(u) | m}
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The r—rank Artin near—primitive root Conjecture

the vanishing of ér , for general groups

Proposition (Ali & P - 2019 - preliminary version)

Let ¢ Q" and m € N. Then 4r,, = 0 if one of the following holds:
2tm&Vgerl,é(g)| m
2| 'm,3tm,(3) = {1} &3g{*/*Q*™ e I(my) s.t. 6(—3go) | M
2m, 3t m, T(3) = {1}, 1(2) # {1}&3 - 9Q"* € [(2), §(3g0) | m

2||m, T(2) = {1}, T(4) # {1}&3 — goQ** € [ (4), 5(2g0) | 2m

4|m, 3+ m, T(6) = {1},T(4) # {1}&3 — goQ** € [ (4),
6(—6go) | 2m

s 3tm, [(3) = {1}&3 — gi?/*Q*™/? € T(my/2), 5(—3gp) | 2m

Furthermore, we guess that one of these conditions is necessary in
order to have ér ,» = 0.
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The r—rank Artin near—primitive root Conjecture

How to compute #I(n). The elementary divisors of I

suppl = {p: vp(ay) #0,3i =1,...r} = {p1,...,ps}

[E =B, . an= (e,-,') , - eM 4(Z)
1<i<r1<<s
€1

defined by a; = p;

€js

pS

Definition
For j < r, the j—th elementary divisor

Aj = Aj(T') = ged all determinants of all the j x j minors of E

Also Aj(I") :=0forj > r.

Given I' ¢ Q* finitely generated of rank r, we have that for any m € N,

ml’

r. *\m i
#M(m) = # ( @) /(@*)m> ged(mt,m 1Ay mA D)
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The r—rank Artin near—primitive root Conjecture

the GP-Pari scripts to compute densities for finitely generated goups of rational numbers

Andam Mustafa Ali

+ To compute A, use the Hermite normal form for E
orm =8 [T (1~ zp=y ) with 0f ,, € @2°
Andam is writing GP-Pari scripts

https://pari.math.u-bordeaux.fr/Scripts/

* They compute several invariants of I' = (ay, ..., a), @ € Q*.
Among them also J1 ,, and other related densities
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The r—rank Artin near—primitive root Conjecture

generalizing to number fields

Number Fields

* K number field, I ¢ K* finitely generated

* suppl := {p prime ideal of Ok : v, (a) # 0 for some a € I'}.
« ifp C Ok :p&suppl, I, ={ymodyp:~vyeTl}iswell defined
* Prm={p COk:p¢gsuppl,[Ok/p:Ty] =m}

* [is unit-freeif N O} = Tor

* [ unit—free = rank [ > #supp .

« for I unit—free one can compute the elementary divisors
* Hence #I'(m) = #K*"T/K*"
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