Drinfeld cusp forms of prime level: structure and
slopes

Maria Valentino
joint with A. Bandini

4th Number Theory Meeting - Torino
Universita di Torino, 24-25/10/2019




Introduction

Classical modular forms Drinfeld modular forms
N,k eNsp, peZ prime
Sk(Co(N)) cusp forms of level N and weight k
Hecke operators Ty, peZif p+ N
Atkin-Lehner operator Up, if p|N.
Fourier expansion f=3%,51 an(f)q", an(f) €C.

Fix p+ N, f e S (To(pN)) eigenform, then
Upf=ap(f)f
The p-slope of f is vp(ap(f)).

We have S, (I'o(N)) = Sk (F'o(pN))
Vvia maps
81,0p : Sk(Po(N)) = Sk(To(pN))
61(f)(2) = f(2) and 6,(f)(2) = f(p2).
Oldforms: all cusp forms generated by Im(d1)
and Im(dp).

Newforms: orthogonal complement of old-
forms w.r.t. the Petersson inner product.
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The p-slope of f is vp(ap(f)).

We have S, (I'o(N)) = Sk (F'o(pN))
Vvia maps
81,0p : Sk(Po(N)) = Sk(To(pN))
61(f)(2) = f(2) and 6,(f)(2) = f(p2).
Oldforms: all cusp forms generated by I'm(d1)
and Im(dp).

Newforms: orthogonal complement of old-
forms w.r.t. the Petersson inner product.

Drinfeld modular forms

Q g K =F,(t)

Z <~ O=]Fq[t]

C - Coo = Kooy 00 =1
SLy(Z) <« GL2(0)

H P Q=P (Co) - P (Ko)

Hr «  Qp:=Qu{cusps, i.e. T\P'(K)}
FOY’Y=(ZZ € GLy(Ko), k,meZ and ¢ : Q —

Coo, we define

(#llemM(2) = p(y2)(det 7)™ (cz + d) ™"
Let I" be any congruence subgroup of GL2(O).

Definition

A rigid analytic function ¢ :Q - Co is called a
Drinfeld modular form of weight k and type m
for T if

o ¢ is holomorphic on Q and at all cusps;
o (elr,m7)(2) =¢(z) Vyel

A Drinfeld modular form ¢ is called a cusp
form if it vanishes at all cusps.
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Classical modular forms
N,k eNso, peZ prime
Sk(To(N)) cusp forms of level N and weight k
Hecke operators Ty, peZ if p+ N

Atkin-Lehner operator Uy, if p|N.

Fourier expansion f=3,51an(f)q", an(f) €C.

Fix p+ N, f e Sk (To(pN)) eigenform, then
Upf=ap(f)f

The p-slope of f is vp(ap(f)).

We have Si (I'0(N)) = Sk (To(pN))

via maps
01,0p : S(Lo(N)) = Sk(To(pN))
01(f)(z) = f(2) and &,(f)(2) = f(p2).
Oldforms: all cusp forms generated by Im(d1)
and Im(dp).
Newforms: orthogonal complement of old-

forms w.r.t. the Petersson inner product.

Drinfeld modular forms

Let m be an ideal in O =Fg4[t].

Drinfeld cusp forms:
dim. Cu-vector space;

Sp m(To(m))  finite
Fix p = (Pyg) with Pg; € O prime of degree
d and assume p + m

Hecke operators Ty if p + m

Ty () = Py " (@ liem (7 T (2)+

FPETS (el (68 )
QeO
deg Q<d
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Drinfeld modular forms

Let m be an ideal in O =Fg4[t].

Drinfeld cusp forms:
dim. Cu-vector space;

Sp m(To(m))  finite

Fix p (Pg) with Py € O prime of degree
d and assume p + m

Hecke operators Ty if p + m
Ty () = P (ol (1 9))(2)+

FPETS (el (68 )
QeO
deg Q<d

Atkin-Lehner operator Uy if the level is pm
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Classical modular forms Drinfeld modular forms

N,k eNsg, peZ prime Let m be an ideal in O =F,[t].

Sk (To(N)) cusp forms of level N and weight & Drinfeld cusp forms: Sivm(l"o(m)) finite
dim. Cu-vector space;
Hecke operators Ty, peZ if p+ N

Fix p = (Pyg) with Pg; € O prime of degree
Atkin-Lehner operator Uy, if p|N. d and assume p + m

Fourier expansion f =3 ,51 an(f)q", an(f) € C. Hecke operators Ty if p+m

Fix p+ N, f e Sk (To(pN)) eigenform, then Ty (@) := P; (@ lk,m ( Pq 0))(z)+
U,f= ap(f)f _
+PITTY (@lem (6 £ )D()
The p-slope of f is vp(ap(f)). de(gg)«i
We have S (To(N)) <= Sk (To(pN)) Atkin-Lehner operator Uy if the level is pm
via maps ( - ( 10 )
U, (0) = P o lom )z
81,6, Sk (To(N)) = S(To(pN)) ' e & (o)

deg Q<d

51()(2) = F(z) and  8,(F)(2) = f(p2). ’

Oldforms: all cusp forms generated by Im(d1)
and Im(dp).

Fourier expansion (technical): depends on the
Carlitz exponential ec with period 7

1
Newforms: orthogonal complement of old- p(z) = Z:O an () eq(7z)n’ an(¢) € Coo
forms w.r.t. the Petersson inner product. "
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nd related problems of our inte

Classical modular forms Drinfeld modular forms

o Old eigenforms come in pairs and the
p-slopes of a pair add up to k—1.
Indeed, let f € S (I'o(N)) be an eigenform,
then U, acts on < d1(f),d,(f) > with
characteristic polynomial

X —ap(H)X -p"h
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o Old eigenforms come in pairs and the
p-slopes of a pair add up to k—1.
Indeed, let f € S (I'o(N)) be an eigenform,
then U, acts on < d1(f),d,(f) > with
characteristic polynomial

X2 —ap(H)X -
o The slope of a new eigenform is k/2 - 1;

o Diagonalizability problems.
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1d related problems of our interest

Classical modular forms

Old eigenforms come in pairs and the
p-slopes of a pair add up to k—1.

Indeed, let f € S (I'o(N)) be an eigenform,
then U, acts on < d1(f),d,(f) > with
characteristic polynomial

X% —ay (/)X -p*;
The slope of a new eigenform is k/2 - 1;
Diagonalizability problems.

Existence of p-adic families of modular
forms (e.g. Serre, Hida, Coleman).

Maeda’s conjecture: The operator T,
acting on S, (SL2(Z)) has characteristic
polynomial P, j (X) = [1(X - ap(f)), where
f runs over a basis of eigenforms, which is
irreducible in Q[X] and has full Galois
group over Q for every prime p.

Drinfeld modular forms
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Classical modular forms Drinfeld modular forms

Old eigenforms come in pairs and the
p-slopes of a pair add up to k—1.
Indeed, let f € S (I'o(N)) be an eigenform,
then U, acts on < d1(f),d,(f) > with Problems:
characteristic polynomial o No more correspondance between
2 k-1 eigenvalues of eigenforms and coefficients of
X —ap(f)X -p ) the associated Fouries series.

The slope of a new eigenform is k/2 - 1; o Analogue of Petersson inner product is not
available.

Diagonalizability problems.

Existence of p-adic families of modular
forms (e.g. Serre, Hida, Coleman).

Maeda’s conjecture: The operator T,
acting on S, (SL2(Z)) has characteristic
polynomial P, j (X) = [1(X - ap(f)), where
f runs over a basis of eigenforms, which is
irreducible in Q[X] and has full Galois
group over Q for every prime p.
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Cusp forms for function fields

Degeneracy Maps
81,8 : iy (Do(m)) = Sy, (To(mp))
d1(p) =9

50(0) 1= (@l ( 15§ ) sien (Ba(@))(2) = Pa"o(Pa2).

Definition

The space of oldforms of level m, denoted by Si°'¢(To(m)), is the subspace of Si,m(l"o(m))

k,m

generated by the set

{(81,8,) (01, 92) : (@1,92) € i, (To(m/p))*, for all plm.}
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Cusp forms for function fields

Degeneracy Maps
81,8 : iy (Do(m)) = Sy, (To(mp))
d1(p) =9

5= (el (g ] D) sies Bo()(2) = Pa"o(Pa2).

Definition

The space of oldforms of level m, denoted by S;’;’id(r‘o(m)), is the subspace of Si,m(l"o(m))
generated by the set

{(81,8,) (01, 92) : (@1,92) € i, (To(m/p))*, for all plm.}

Theorem (Bandini-V.)
Assume that p + m, then the map
(81,69) ¢ Sk 1 (To(m))? = S . (To(mp))
(p1,92) = 011 + p 2

15 injective.
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Cusp forms for function fields

Degeneracy Maps
81,8 : iy (Do(m)) = Sy, (To(mp))
S1(p) =9

5= (el (g ] D) sies Bo()(2) = Pa"o(Pa2).

Definition

The space of oldforms of level m, denoted by S;’;’id(r‘g(m)), is the subspace of Si,m(l"o(m))
generated by the set

{(61,0p) (1, 02) : (p1,02) € Sy ,, (Co(m/p))®, for all pjm .}

Theorem (Bandini-V.)
Assume that p + m, then the map
1 2 1
(01,05) : Sk 1 (To(m))” = Si ,, (To(mp))
(p1,92) = 011 + p 2
is injective. Moreover, we have an equality of sets

{Eigenvalues of Up|sl'°ld } = {Eigenvalues of T} u{0}.
k,m

(To(mp))
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Cusp forms for function fields

Now we focus on the case m = (1).
System of representatives for I'g(p)\GL2(O) given by

R={Id,(73) st. Qe O and degQ <d} .

Definition
We have the following maps defined on Séym(Fo(p)):
o the Fricke involution, which preserves the space S,i!m(l"o(p)), is represented by the matriz
0 -1
Tp = (Pd 0 )
and defined by ¢ = (@ |k,mYp);
o the trace map is defined by
Tr: Sy 1 (To(p)) = Si m (GL2(0))
o 3 (@lem)(2);
~YeR

o the twisted trace map is defined by

T7": Si 1 (Do (p)) > Sy, (GL2(0))

@ Tr(e™).
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Definition

The space of newforms of level p, denoted by S;’fﬂew(Fo(p)) is given by Ker(Tr)n Ker(Tr').

DA




Cusp forms for function fields

Definition
The space of newforms of level p, denoted by S,t'fnew (To(p)) is given by Ker(Tr)n Ker(Tr'). J

Let g € Siﬁm(GLg(O)) be such that Tp¢ = Ap with XA # 0. Then one can check that

k-m

P
P1 =01 — d)\ dpp € Ker(Tr)

k-m

P
o 1= d)\ S10-PY S, 0 € Ker(Tr')
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Theorem (Bandini-V.)

Let p € S,i’m(l"o(p)) be a new Uy -eigenform of eigenvalue X\, then X = :EP;/2.
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Definition
The space of newforms of level p, denoted by S,t':fw (To(p)) is given by Ker(Tr)n Ker(Tr'). J

Let g € Siﬁm(GLg(O)) be such that Tp¢ = Ap with XA # 0. Then one can check that

k-m

P
P1 =01 — d)\ dpp € Ker(Tr)

ph-m
g = d)\ S10-PY S, 0 € Ker(Tr')

Theorem (Bandini-V.)

Let p € S,;m(l"o(p)) be a new Uy -eigenform of eigenvalue X\, then X = :EP;/2.
We have a direct sum decomposition S,i,m(l"o(p)) = Si:‘:id(l"o(p)) @ S;::”new (To(p)) if and only if
the map D := Id - PY~2™(Tr")? is bijective.
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Definition
The space of newforms of level p, denoted by S;'Z@ew (To(p)) is given by Ker(Tr)n Ker(Tr'). J
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Conjectures (Special case Py =t)

o Sk (Ta(®) = SL4T0(1)) @ SETe (To(£))
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Let p € S,;m(l"o(p)) be a new Uy -eigenform of eigenvalue X\, then X = :EP;/2.
We have a direct sum decomposition S,i,m(l"o(p)) = Si:‘:id(l"o(p)) @ S;::Lnew (To(p)) if and only if
the map D := Id - PY~2™(Tr")? is bijective.

Conjectures (Special case Py =t)

o Sk (Ta(®) = SL4T0(1)) @ SETe (To(£))

o U is diagonalizable <= q is odd or q is even and dimc,, Slt’:“new(l_‘o(t)) <1;
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Cusp forms for function fields

Definition
The space of newforms of level p, denoted by S;’Z@ew (To(p)) is given by Ker(Tr)n Ker(Tr'). J

Let g € Siﬁm(GLg(O)) be such that Tp¢ = Ap with XA # 0. Then one can check that
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k-m
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o 1= d)\ S10-PY S, 0 € Ker(Tr')

Theorem (Bandini-V.)

Let p € S,;m(l"o(p)) be a new Uy -eigenform of eigenvalue X\, then X = :EP;/2.
We have a direct sum decomposition S,i,m(l"o(p)) = Si:‘:id(l"o(p)) @ S;::Lnew (To(p)) if and only if
the map D := Id - PY~2™(Tr")? is bijective.

Conjectures (Special case Py =t)
1 1,0ld 1,new
° S m(To(8)) = 53770, (To(8)) @ S 77 (Lo () 5
o U is diagonalizable <= q is odd or q is even and dimc,, Slt’:“new(l_‘o(t)) <1;

o T, is injective (in any positive characteristic);
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Matrix of Uy for level I'g(t)

There exists a basis for Si(I';(t)) (using combinatorial techniques) provided by
B={c; |0<j<k-2}
The action of U; on this basis is given by

Uy(e,) - _(_t)j+1(k‘ —j —j)c]_ _ g };O [(k - 2_—h]('q—_h§<)1— 1))

+(_1)j+1(k —2-j ; h(q- 1))] esontaty
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Matrix of Uy for level I'g(t)

There exists a basis for Si(I';(t)) (using combinatorial techniques) provided by
B={c; |0<j<k-2}
The action of U; on this basis is given by

Uy(e,) - _(_t)j+1(k —j —j)c]_ _ g };O [(k - 2_—h](’q—_h§<)1— 1))

+(_1)j+1 (k “2d ; hle- 1))] Cj+h(q-1)

Let Cj =(cs:s=j (mod g—1)) with 0< j < g -2, then the C; are stabe for the action of Uy.
Reordering the basis we have a block matrix which is diagonalizable <= each block is.
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Matrix of Uy for level I'g(t)

There exists a basis for Si(I';(t)) (using combinatorial techniques) provided by
B={c; |0<j<k-2}
The action of U; on this basis is given by

Uy(e,) - _(_t)j+1(k —j —j)c]_ _ g };O [(k - 2_—h](’q—_h§<)1— 1))

a(k-2-j-h(g-1)

1

+(-1)"" ( . ) Cjtn(g-1)
J

Let Cj =(cs:s=j (mod g—1)) with 0< j < g -2, then the C; are stabe for the action of Uy.

Reordering the basis we have a block matrix which is diagonalizable <= each block is.

Blocks arising from S,iym(Fg(t)): there is a natural inclusion Si,m(f‘o(t)) > SE(T1(t)) and the
subspaces arising from I'(t) are those for k=2(j +1) (mod ¢ —1).
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Matrix of Uy for level I'g(t)

There exists a basis for Si(I';(t)) (using combinatorial techniques) provided by
B={c; |0<j<k-2}
The action of U; on this basis is given by

Uy(e,) - _(_t)j+1(k —j —j)c]_ _ };O [(k - 2_—h](’q—_h§<)1— 1))

a(k-2-j-h(g-1)
1
+(-1)"" ( j ) Cjtn(g-1)
Let Cj =(cs:s=j (mod g—1)) with 0< j < g -2, then the C; are stabe for the action of Uy.
Reordering the basis we have a block matrix which is diagonalizable <= each block is.

Blocks arising from S,iym(Fg(t)): there is a natural inclusion Si,m(f‘g(t)) > SE(T1(t)) and the
subspaces arising from I'(t) are those for k=2(j +1) (mod ¢ —1).

The associated coefficient matrix (i.e. with entries in Fj)

my1 my 2 vomn (—1)’+1m1,% 1)y o (13 (my 1 -1)
j+1 j+1 j+1
ma 1 may o ma 1 (-1)7 ma,n (1) (mg o - 1) (-1)7  my
n o mn o mn n (DI (mn n-1) 1)+ mn 17+ man
M= 2 2 202 22 e 2 e 2
MRy Mg (=1) 0 o GDITImn g o DI imn g g
2 2 2 2
H . . : 3 : )
Mpo1,1 17 0 0 0 D7 my
(-1)7 0 0 0 0 0

The dimension n comes from the equality k=2(5+1) +(n-1)(q¢-1).

o (= -

i
it
N
»
i)
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x of Uy for level I'g(t)

0 L (-1t 0 (=) o o
A= e F= K o
s
(_1)j+1 0 (—t)sl 0 0 . tSn

where for 1<i<n weset s; =j+1+(i—-1)(g—-1).

of prime level



Matrix of Uy for level I'g(t)

0 L (-1t 0 (=) P o
A= e .
Dt 0 (—)"1 0

where for 1<i<n weset s; =j+1+(i—-1)(g—-1).

Uy~ MD
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Matrix of Uy for level I'g(t)

0 L (-1t 0 e (=t)Sm ©G1 0
A= F= D=
(-1 0 (=)t - 0

where for 1<i<n weset s; =j+1+(i-1)(¢g—1).

U, MD Fricke s t™ *F Trace = MA+ 1
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Matrix of Uy for level I'g(t)

A= F= .
(-1)7+t 0 (=t)"1 0

where for 1<i<n weset s; =j+1+(i-1)(¢g—1).

0 L (-1t 0 e (=) 1 .. 0
e

U, » MD Fricke s t™ *F Trace — MA+ T

Twisted trace — TF = tmik(MD + F) Im(61) = Ker(MA) Im(é;)=Ker(MD)
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Matrix of Uy for level I'g(t)

A= F= .
(-1)7+t 0 (=t)"1 0

where for 1<i<n weset s; =j+1+(i-1)(¢g—1).

0 L (-1t 0 e (=) 1 .. 0
e

U, » MD Fricke s t™ *F Trace — MA+ T

Twisted trace — TF = tmik(MD + F) Im(61) = Ker(MA) Im(é;)=Ker(MD)

Theorem (Bandini - V.)

Spm (To()) = S04 (Lo (t) @ S5 (To(t) = I -t *(TF)? is invertible.

k,m k,m
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Matrix of Uy for level I'g(t)

o v (”1 0)
A= F = D=
1o O '

where for 1<i<n weset s; =j+1+(i-1)(¢g—1).

U, » MD Fricke s t™ *F Trace — MA+ T

Twisted trace — TF = tmik(MD + F) Im(61) = Ker(MA) Im(é;)=Ker(MD)

Theorem (Bandini - V.)

Spm (To()) = S04 (Lo (t) @ S5 (To(t) = I -t *(TF)? is invertible.

k,m k,m

Theorem (Bandini - V.)

If dimc, Si,m(GL2(O)) <1, then all conjectures hold.
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Matrix of Uy for level I'g(t)

A= F= .
(-1)7+t 0 (=t)"1 0

where for 1<i<n weset s; =j+1+(i-1)(¢g—1).

0 L (-1t 0 e (=) 1 .. 0

U, » MD Fricke s t™ *F Trace — MA+ T

Twisted trace — TF = tmfk(MD + F) Im(61) = Ker(MA) Im(é;)=Ker(MD)

Theorem (Bandini - V.)

Sk (To(1) = Sy 2t (To (1)) @ S ™ (To(t)) < I -t *(TF)? is invertible.

k,m k,m

Theorem (Bandini - V.)

If dimc, S;’m(GLQ(O)) <1, then all conjectures hold.

Further conjectures

We also formulated conjectures on the distribution of t-slopes that can be related to the existence
of families of Drinfeld modular forms (see also the work of S. Hattori).
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